ON NEARLY LEFSCHETZ FIBRATIONS AND SPINAL OPEN BOOKS

HYUNKI MIN, AGNIVA ROY, AND LUYA WANG

ABSTRACT. We survey the recent development of spinal open books and nearly Lefschetz
fibrations. The focus is on explaining past and new resules regarding the detection of
symplectic fillability and classification of symplectic fillings of contact 3-manifolds in light
of the new machinery. We give many examples and a list of open questions. This can be
considered as an additional chapter to the lecture notes by Ozbacgi [Ozb15] and Wendl
[Wen18].

1. INTRODUCTION

1.1. Overview and definitions. In this survey article, we provide a user’s guide to the
series of papers [LHMW18, LHMW20, MRW25], focusing on how to apply these results
to classify and study symplectic fillings of contact 3-manifolds supported by planar uni-
form spinal open books.

We first recall various types of symplectic fillings.

Definition 1.1. A symplectic 4-manifold (W, w) is said to be a weak symplectic filling of
the contact 3-manifold (M, &), if M is the oriented boundary of W and w|¢ > 0.

Definition 1.2. A symplectic 4-manifold (W, w) is said to be a strong symplectic filling
of the contact 3-manifold (M, &) if M is the oriented boundary of W, and there exists a
Liouville vector field X near oW, i.e., Lxw = w, and ker(1xw) = &.

We sometimes refer to strong symplectic fillings as symplectic fillings.

Definition 1.3. A symplectic 4-manifold (W, w) is said to be an exact symplectic filling
(or Liouville filling) of the contact 3-manifold (M, &) if M is the oriented boundary of W,
there exists a global Liouville vector field X on W, i.e., Lxw = w, and ker(i1xw) = &.

Definition 1.4. An exact filling (W, w) of (M, &) is said to be a Weinstein filling if the
Liouville vector field X is gradient-like for a Morse function f on W, i.e., X-Vf > 0 away
from the singularities of X, and these singularities coincide with critical points of f. By
[CE12] this is equivalent to a Stein filling. In light of this equivalence, in this note we
will generally refer to both Weinstein and Stein fillings as Stein fillings.

It is known that weak fillability implies tightness [Eli91]. Furthermore, the preceding
definitions imply the following hierarchy among tight contact structures:

Stein ¢ Exact ¢ Strong ¢ Weak ¢ Tight

It is also known that this hierarchy is proper. That is, there exist contact structures that

are:
1
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exactly fillable but not Stein fillable [Bow12]

strongly fillable but not exactly fillable [Ghi05, Min22]
weakly fillable but not strongly fillable [Gir94, Eli9%, Gay06]
tight but not weakly fillable [EH02, Chr21]

However, in the case of contact 3-manifolds supported by planar open book decom-
positions, a remarkable simplification occurs: Wendl [Wen10] proves that all minimal
(weak, strong, and exact) fillings are symplectically deformation equivalent to Stein fill-
ings. Furthermore, these fillings are supported by Lefschetz fibrations over a disk.

Theorem 1.5 (Wendl [Wen10]). Suppose a contact 3-manifold (M, &) is supported by a planar
open book (P, ¢). Then, any minimal symplectic filling of (M, &) can be foliated by J-holomorphic
curves that are diffeomorphic to P and admits a positive allowable Lefschetz fibration structure
that induces the open book (P, ¢) on its boundary.

Moreover, there is a one-to-one correspondence between the deformation equivalence classes of
the fillings and the set of positive allowable Lefschetz fibrations up to fiber-preserving diffeomor-
phism.

Definition 1.6. Let P be a compact oriented surface and ¢ € Mody(P). A positive admis-
sible factorization of ¢ is a representative written as a product of positive Dehn twists
along homologically essential curves on P.

Combined with the fact that two Hurwitz equivalent positive admissible factorizations
of the monodromy induce equivalent symplectic Lefschetz fibrations, Theorem 1.5 almost
reduces the classification of symplectic filling to a monodromy factorization problem.

Remark 1.7. Theorem 1.5 does not imply that there is a one-to-one correspondence be-
tween the set of minimal symplectic fillings and the set of positive admissible factoriza-
tions. Two different factorizations may induce equivalent symplectic fillings.

Theorem 1.5 applies to a large class of contact 3-manifolds, which are supported by
planar open books — simply referred to as planar contact 3-manifolds. This monodromy
factorization technique has been used to classify the symplectic fillings of some contact
structures on lens spaces [PVHM10] and other large classes of planar contact 3-manifolds
[Kall5, KL16]. However, since the monodromy factorization problem is difficult in gen-
eral, the classification of symplectic fillings for lens spaces, in full generality, has been
achieved using different techniques. For example, for universally tight contact struc-
tures on lens spaces, Lisca [Lis08] used the complements of divisor configurations in
rational surfaces, and in the virtually overtwisted case, Christian-Li and Etnyre-Roy
[CL23, ER21] used the “mixed torus” technique [CM18].

A major limitation of Theorem 1.5 is that there exist contact 3-manifolds that cannot be
supported by planar open books. The first obstruction was found by Etnyre [Etn04b].

Theorem 1.8 ([Etn04a, Theorem 4.1]). Let (Y, &) be a contact 3-manifold supported by a planar
open book, then any symplectic filling of (Y, &) is negative definite.
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According to this theorem, the unique Stein fillable contact structure on T> does not
admit a planar open book decomposition, since its Stein filling T?>xD?, the disk cotangent
bundle of the torus, is indefinite.

Nevertheless, Wendl [Wen10] classifies the symplectic fillings of this contact structure
on T3 using techniques similar to the proof of Theorem 1.5, by utilizing a topological
decomposition similar to a planar open book. This decomposition can now be interpreted
as a planar spinal open book (see Definition 2.1), and the aforementioned classification
result can be recovered using the notion of positive allowable monodromy factorizations.
We discuss this example in detail in §2.4.1 and §4.1.

The primary goal of this article is to explain how symplectic fillings of contact 3-
manifolds supported by planar uniform spinal open books can be classified using mon-
odromy factorizations. This technique is applicable to a much larger class of contact
manifolds than those supported by planar open books. The main results are the follow-
ing theorems from [LHMW18, LHMW20, MRW25].

Theorem A. Let (M, &) be a contact 3-manifold supported by a planar uniform spinal open book
and (W, w) a minimal strong symplectic filling of (M, &). Then, (W, w) is symplectic deformation
to a positive allowable nearly Lefschetz fibration, i.e., the complement of a neighborhood of
positive multisections in a bordered Lefschetz fibration.

Theorem A can be interpreted in terms of monodromy factorizations as follows.

Theorem B. Let (M, &) be a contact 3-manifold supported by a planar spinal open book 1t and B
a collection of surfaces that 7t is uniform with respect to. Then a minimal strong filling of (M, &)
corresponds to a positive admissible factorization of the monodromy of the spinal open book with
respect to some surface B € 8.

In §4, we outline a strategy for the classification of symplectic fillings based on Theo-
rem B and provide several examples.

Remark 1.9. Note that Theorem B does not claim a one-to-one correspondence. There may
be redundancies in the correspondence, and we will see such examples in §4.

In upcoming work [BRW], it is shown that a positive admissible nearly Lefschetz fi-
bration supports a Stein structure, generalizing the result on positive allowable Lefschetz
tibrations (PALFs) by [AO02, LHMW1 8]1. In particular, all minimal (weak, strong, exact)
symplectic fillings of planar uniform spinal open books are symplectically deformation
equivalent to Stein fillings. Details about the definition of nearly Lefschetz fibrations, and
an associated Stein structure, will be given in §3.

Theorem 1.10. A positive admissible nearly Lefschetz fibration (PANLF) supports a canonical
Stein structure.

IThe “positive” part of the definition can be omitted, since all Lefschetz singularities are by definition
positive. We keep it here as a historical continuation of terminology
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We will define the term uniform condition in §2, but for now, one can understand that
this is some natural (technical) condition imposed on a planar spinal open book bounding
a nearly Lefschetz fibration. The precise notion of a positive admissible factorization is
clarified in Definition 2.10.

1.2. Organization. In §2 we give definitions pertaining to spinal open books, and also
discuss examples and methods of obtaining spinal open book decompositions. In §3 we
define and discuss nearly Lefschetz fibrations, and describe associated Stein structures.
Then in §4 we show how Theorems A and B can be used to classify symplectic fillings
for some families of 3-manifolds. We conclude with some questions for future research
in §5.

1.3. Acknowledgements. AR acknowledges support from an AMS-Simons travel grant.
LW acknowledges support from NSF Grant DMS-2303437.

2. SPINAL OPEN BOOKS

In this section, we review basic definitions and tools used to study spinal open book
decompositions.

2.1. Spinal open book decompositions. In this subsection, we review the definition of
spinal open book decompositions, which first appeared in [LHMW18, LHMW20]. We
then recall the contact structures they support, and characterize the spinal open books
that bound (nearly) Lefschetz fibrations.

Definition 2.1. A spinal open book decomposition of a closed oriented 3-manifold M is
a decomposition M = My U Mp (called the spine and paper, respectively) together with
a pair of fibrations © = (nz, 7tp) such that

iy : My —> X
7'£p:]\/Ip—>S1

where

(1) X~ is a compact oriented surface whose connected components (called vertebrae)
have nonempty boundary and 7y, is a trivial fibration with S! fiber;

(2) The fibers of mtp are compact oriented surfaces whose connected components
(called pages and denoted by P) have nonempty boundary and intersect trans-
versely to dMp. The intersection of P and My consists of fibers of mty;

(3) For every component of dMp, there exist local coordinates (¢, t, 0) € S Ix(-1,0]x
S! on a collar neighborhood such that 7p(¢h, t, 6) = m¢ for some m € N. On every
component of dMy, there exist local coordinates (s, ¢, 0) € (-1, 0] X S1 x S1 such
that mtx(s, ¢, 0) = (s, ¢). The number m is called the multiplicity of 7p at that
boundary component of Mp. On the overlap between Mp and My the 2-torus
coordinates (¢, ) agree, while the interval coordinates are related by s = —;



ON NEARLY LEFSCHETZ FIBRATIONS AND SPINAL OPEN BOOKS 5

(4) The paper Mp can be identified with a mapping torus

Mp=RXP/~, (t,p)~(t-1,¢(p))

and ntp : Mp — S!is given by [(t,p)] — [7]. Here, ¢ € FMod(P) is the mon-
odromy in the framed mapping class group of P. See §2.2 for the definition.

Note that when all vertebrae are disks and the multiplicity of each component of JMp
is 1, the definition of spinal open books recovers the definition of ordinary open books.
A contact form A on a spinal open book is called a Giroux form if dA is positive on the
interior of each page and the Reeb vector field associated to A is positively tangent to
every fiber of my. We say that a contact structure £ on M is supported by m if £ is isotopic
to a contact structure that admits a Giroux form for 7.

Remark 2.2. We will frequently use the 3-tuple (P, ¢, X) as a shorthand for a spinal open
book where P, ¢, and X denote the page, monodromy, and vertebra, respectively. Note
that this tuple does not uniquely determine the spinal open book, as it omits the specific
correspondence between vertebrae and the boundary components of the page.

Definition 2.3. A spinal open book 7 = (ntg, tp) of M is symmetric if

(1) all pages are diffeomorphic,
(2) for each vertebra X; (X = Xy Ul --- U L), there exists k; € N such that every page
has exactly k; boundary components in e H(IX).

We also say that 7 is uniform if it is symmetric and there exists a compact oriented
surface B such that

(1) connected components of dB are in bijection with the components of Mp;

(2) for each vertebra L; (X = X1 U --- U X,), there exists a k;-fold branched cover
n; : Lj — Bsuch that for each y C d%;, m;|, is an m,-fold cover where m,, denotes
the multiplicity of 7p at 5 (y) € Mp.

In the above case we further say that 7 is uniform with respect to B, and we will refer
to B as the base of the spinal open book. We say that 7 is Lefschetz-amenable if it is
uniform and all branched covers have no branch points. These definitions are motivated
by the fact that a bordered Lefschetz fibration induces a Lefschetz-amenable spinal open
book on its boundary, while a nearly Lefschetz fibration induces a uniform spinal open
book. See §3 for the definition of nearly Lefschetz fibrations and see §4 for examples of
the construction of a nearly Lefschetz fibration from a uniform spinal open book.

The Lefschetz amenable case has been extensively studied in [LHMW18, LHMW20],
while [MRW25] studies the non-Lefschetz-amenable case which necessarily involves the
exotic fibers. See §3.2 for more details on exotic fibers. In the non-amenable case, we will
refer to a vertebra (and a spine) as non-trivial if the map to B has branch points.

We present some examples. For a Lefschetz-amenable spinal open book, see §2.4.1 for
a spinal open book for 3-torus T°. The next example describes a non-uniform spinal open
book decomposition.
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Example 2.4. Let P = P LU P, be two sheets of pair of pants and X = ¥ U Xy U X3 where
Y1 and X, are disks and X3 is an annulus. The monodromy of the pages is ¢ = (¢1, P2),
where ¢ interchanges two inner boundary components of P; and ¢» interchanges two
inner boundary components of P,. See §2.2 for the definition of a boundary interchange
map. To determine the spinal open book, we specify the correspondence between ver-
tebrae and boundary components of the pages. First, £; and X, correspond to the outer
boundary components of P; and P», repectively, and Z3 correspond to the inner boundary
components of both P; and P;. Here, the base B should have two boundary components
as there are two connected components in P. However, the disks X and X, cannot be a
(branched) cover of B, so the spinal open book cannot be uniform.

2.2. Framed mapping class group. To describe the monodromy of a spinal open book
decomposition, we use the framed mapping class group of the page. In this section, we
review relevant material on framed mapping class groups. For more details, readers are
referred to [BH16a].

Definition 2.5. Let M be a manifold. Suppose P ¢ M and Ujy, ..., Uy C TM. The framed
mapping class group of M relative to P and Uy, . .., U is defined as

Modp(Z; Uy, ..., Uy) := mo(DifF5(Z; U, . .., Uy))
= o ({ € Diff*(Z) | ¢lp = id, dp(Uy) = U}).

For a compact oriented surface X, we use the following version of framed mapping
class group:

Definition 2.6. Let X be a compact oriented surface with n boundary components and
{p1, ..., pn} asetof points on each boundary component. In this case, we define its framed
mapping class group as

FMod(E) := Modo(E; {p1, - -, pu})
Here, we identify each p; with the zero vector in T, L.

Remark 2.7. In the previous paper [MRW25], we defined the spinal mapping class group
SMod(Z), which turned out to be identical to the framed mapping class group FMod(X).
Consequently, we use the term “framed mapping class group”, as it is a term already
used in the literature.

We now describe a set of generators for the framed mapping class group FMod(Z). In
particular, we define the boundary interchange map 7/, between two boundary compo-
nents about an arc y to be as in Figure 4. This map rotates and switches the two bound-
ary components around a small neighborhood of the arc in a counterclockwise direction.
For our purpose, however, we instead use a negatively twisted boundary interchange
7, =T oT o ), that interchanges two boundary components and then negatively
twists the boundary components to account for trivializations coming from spinal open
book decompositions. See Figure 5.
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From now on, we refer to the “boundary interchange map” as the “negatively twisted
boundary interchange map” (unless stated otherwise), as it is a base element for mon-
odromy factorizations for spinal open book decompositions.

Theorem 2.8. FMod(X) is generated by Dehn twists about homologically essential simple closed
curves on L and boundary interchange maps between two boundary components about an arc
connecting two points on each boundary components.

2.3. Monodromy factorizations. Here, we first introduce a monodromy factorization of
a framed mapping class, and then explain how to apply it to a spinal open book setup. To
do so, we recall from §2.2 that a boundary interchange map 7, interchanges two bound-
ary components of P along an arc y, as shown in Figure 5.

Let P be a compact oriented surface with boundary, ¢ € FMod(P), and p: G —
Mod(P) a monodromy representation from a group G.

Definition 2.9. Let P, ¢, and p be as above. We further suppose ¢ € G and n € N.
A positive admissible factorization of ¢ with respect to (p, g, ) is an expression of
¢ o p(g)~! as a product of:

¢ 1 boundary interchange maps between pairs of boundary components of P along
arcs that join the boundary components, and
e positive Dehn twists about homologically essential curves on P.

See Figure 14 for an example of such a factorization.

Suppose we have a spinal open book (mz, 7tp) of a closed 3-manifold M with a page
P = (Py,...,Py), monodromy ¢ = (¢1,...,¢n,) where ¢; € FMod(P), and vertebrae
Y. =X1U---UX,. Let B be the base of the spinal open book, a compact oriented surface
with boundary such that for each k = 1,...,r, there is a (possibly branched) covering
map 7k : Ly — B with ny simple branch points. Also suppose (tx, tp) is uniform with
respect to B. Then all pages are diffeomorphic and there is a one-to-one correspondence
between each paper component and boundary component of B. To be more specific,
for each boundary component d; of B, there exists a corresponding paper component
with monodromy ¢; that intersects the boundary component 71, '(d;) of L for every k =
1,...,r.

Now we consider the following subsets of JP:

JxP; := {c € dP; | c intersects a spine component L x S'}.

From now on, we will slightly abuse notation. We first set Py as a “model surface” such
that there is a diffeomorphism f;: Pp — P; foreachi =1, ..., m. Then we can identify all
pages P1, ..., Py, with the single surface Py and use the monodromy fi‘1 o @; o f; instead
of ¢;. We relabel fi‘1 o ¢; o f; as ¢; to shorten the notation. Also, we fix a monodromy
representation p: 11(B) — Mod(Pg) where Pj is the surface obtained by capping off the
boundary components of Py that correspond to a non-trivial vertebra. Recall that for each
paper component with monodromy ¢;, there is a corresponding boundary component d;
of B.
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Definition 2.10. Let P, ¢, B, p, and ny be as above. A positive admissible factorization
of ¢ with respect to (B, p) is an expression of each ¢p;0p(d;)~ fori = 1,...,m asaproduct
of
e 11 boundary interchanges between pairs of boundary components in diP; along
arcs that join the boundary components for k =1,...,r, and
e positive Dehn twists about homologically essential curves in P;.

The main purpose of this factorization is to construct a PANLF over B with fiber Py. We
first construct a Pj-fiber bundle over B using the monodromy representation p. We then
introduce exotic fibers by removing positive multisections corresponding to Xy with ny >
0, which modifies the fiber PS into Py. Lastly, add singular fibers by attaching Weinstein
2-handles along the curves associated with the Dehn twists. Note that each connected
component of paper Mp, a P;-bundle over S! with monodromy ¢;, corresponds to a
subbundle of this PANLF restricted to the boundary component d; of B. The total number
of exotic fibers is ng = n1 +- - - + n,, and the total number of singular fibers is equal to the
total number of Dehn twists across P, ..., Py,.

Now we collect all such factorizations that range over all monodromy representations.

Definition 2.11. The collection of positive admissible factorizations of ¢ with respect to
(B, p), as p ranges over all possible monodromy representations, will be called the set of
positive admissible factorizations of ¢ with respect to B.

Example 2.12. Figure 13 represents spinal open book decompositions for elliptic torus
bundles. However, the factorizations of the monodromies ¢1, ¢, and ¢3 are not posi-
tively admissible, as they contain negative Dehn twists along closed curves. Figure 14
represents the same elliptic torus bundles, but their monodromy factorizations are posi-
tively admissible.

We now describe equivalence between two factorizations that induce an equivalent
PANLE. The following definition is due to Baykur and Hayano [BH16b].

Definition 2.13 (Generalized Hurwitz equivalence). Let F be a compact oriented surface
with boundary. Two positive allowable monodromy factorizations of ¢ € FMod(F) will
be said to be Hurwitz equivalent if they are related by the following moves:

(1) Elementary transformation, which changes a factorization as follows:
Meal ** NisaNi T N =+ (Misa il )it -+ M

(2) Global conjugation, which changes each member of a factorization by the conju-
gation of some mapping class ¢ € Mody(F):

Mkt =M @neap™) - (my ™)
(3) Framing conjugation, which changes a factorization as follows:

Mt =+ NisaNiflic -+ 11— it = Nit (Tsni Ty izt -+

where 6 is a simple closed curve parallel to a boundary component of F.
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FIGURE 1. The 3-torus T°. The top and bottom faces are identified, as are
the front and back, and the left and right. The blue annuli represent the
pages of the spinal open book, and the red annuli represent the vertebrae.

The generalized Hurwitz moves naturally arise as a consequence of choices made
when obtaining a factorization from a PANLF as we will see in §3. As a result, we obtain
the following result:

Proposition 2.14. Two Hurwitz equivalent monodromy factorizations give rise to two symplectic
PANLFs that are deformation equivalent.

2.4. Construction of spinal open book decompositions. In this section we discuss some
methods to construct supporting spinal open book decompositions for contact 3-manifolds.

2.4.1. The Stein fillable contact structure on the 3-torus. Eliashberg [Eli9%6] showed that there
exists a unique Stein fillable contact structure &, on T3. In [Wen13, LHMW?20], a spinal
open book decomposition for (T3, &) was introduced, as shown in Figure 1. The first and
third T2 X I pieces in the figure are spines and the second and fourth are papers. The blue
annuli are pages, and the red annuli are vertebrae. This spinal open book decomposition
naturally arises as the boundary of the bordered Lefschetz fibration A x A, with pages
dA X A and vertebrae A X dA, where A = S! x I is an annulus. The monodromy of the
paper is id.

Now we verify that this spinal open book decomposition actually supports &p. Ac-
cording to §2.4.3, a spine with an annulus vertebra is equivalent to a relative open book
deposition with the word (aba)~2 as shown in the shaded region in Figure 12. Since our
spinal open book consists of two annulus pages with identity monodromy, and two an-
nulus vertebrae, it is equivalent to an ordinary open book decomposition with the word
(aba)™*, which supports & by Van Horn-Morris [VHMO07].

2.4.2. Blown up summed open books. There is a natural operation on a regular contact
open book decomposition called binding sum that gives rise to a spinal open book. Let
7 : M\ B — S! be an open book decomposition with at least two binding components
B1, B, € B. Topologically, one removes neighborhoods of B1 and B; and glues the result-
ing boundary tori via an orientation reversing diffeomorphism which maps the bound-
aries of the pages to each other and meridians to meridians (with opposite orientation).
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This is equivalent to attach two boundary components to each boundary component of
T2 x I. Thus the resulting manifold naturally has the structure of a spinal open book
decomposition with an annulus vertebra replacing the two disk vertebrae, and the sup-
porting contact structure is obtained by a contact fiber sum along B; and B, of the original
open book decomposition.

2.4.3. Torus bundles and relative open books. Here, we construct planar spinal open book
decompositions for rotational contact structures on torus bundles, using the technique
of relative open book decompositions introduced by Van Horn-Morris [VHMO7].

we first review rotational contact structures on torus bundles. Let A € SL,(Z) =
Mod(T?). Then we define the torus bundle with monodromy A by

Ta:=T?>xR/(x,t) ~ (Ax, t — 1).

Moreover, Ty is called elliptic, parabolic, and hyperbolic, respectively, as |tr(A)| is less
than 2, equal to 2, or greater than 2. We consider a rotational contact structure &, for an
integer n > 0 defined by

&n = ker[sin ¢, (t) dx + cos ¢, (t) dy], (x,y) e T?, teR/Z
where ¢,,: R/Z — R satisfies

nn < sup (¢u(t +1) = Pu(t)) < (n +1)m.
teR/Z

We say &, has nrni-twisting. Each torus bundle only admits either odd or even rotational
contact structures. If A is parabolic, then A is conjugate to

1 k
J_rAk_J_r(O 1)

for some k € Z. We say a parabolic torus bundle Ty is positive if A is conjugate to Ay
and negative if A is conjugate to —Ay. Let T, (k) := T4, and T_(k) := T_4,. Note that T (k)
only admits even rotational contact structures &>, for n > 1 and T_(k) only admits odd
rotational contact structures &5,,41 for n > 0.

Next, we review relative open book decompositions, introduced by Van Horn-Morris
[VHMO7]. Let P be a compact oriented surface with boundary and ¢ € Mody(P). Con-
sider the mapping torus

Py =P x[0,1]/~

where (p, 1) ~ (¢(p),0) for p € P. Now pick a partition of dP into two sets dp and dr. Each
component of dp is called binding circles, and each component of dr is called boundary
circles. We foliate the boundary tori dp x S! C 9Py into {x} x S!, where x € dp. From
this, we can construct a 3-manifold M with torus boundary components by collapsing
the foliating circles in each component of dp X Sl We say (P, ¢,(dg,dr)) is a relative
open book decomposition of M. If dr = @, we obtain a closed manifold with a regular
open book decomposition.

As in the case of regular open book decompositions, there is a contact structure com-
patible with a given relative open book decomposition.
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Definition 2.15. Let M be a compact oriented 3-manifold and (P, ¢, (dp, dr)) a relative
open book of M. A contact structure & on M is said to be compatible with (P, ¢, (d5, dr))
if there exists a contact form a where da restricts to a symplectic form on each page, and
the foliation given by & on dM agrees with the foliation given by boundary circles in dr.

4 d 4

1
1
1
1
1

A}

)

4

’
A3 AY A
> A3 >

--———
--——

-
-

1

FIGURE 2. Relative open book decompositions for a and b~1. Fora~!and

b we use the negative Dehn twists instead.

We now review a method for representing relative open books of S! x I x S! using
words. Four relative open books, which correspond to the set of letters {a,a~!,b,b7} as
depicted in Figure 2, act as building blocks for a relative open book decomposition sup-
porting a contact structure on T2 X I, or a torus bundle over S!. A torus bundle obtained
by gluing these pieces is denoted by the corresponding word in terms of a4, 2!, b and
b~!. For example, the left drawing of Figure 12 represents an open book decomposition
corresponding to the word a*(aba)™.

Lastly, we find a relative open book of a spine component with annular vertebra that
agrees on the boundary of the spine component with the page foliation of the spinal open
book, which is a key to construct planar spinal open book decompositions for rotational
torus bundles. Note that a spine component with an annulus vertebra is also homeomor-
phic to St x I x St

Proposition 2.16 (Min-Roy-Wang [MRW25]). The relative open book for a spine component of
an annular vertebra is contactomorphic to a relative open book with the word (aba)™2.

Using this proposition, we can convert any genus-1 open book decomposition contain-
ing a word (aba)~2 into a planar spinal open book decompositions as follows:

(i) Consider a genus-1 open book decomposition that contains the word (aba)~2.

(ii) Remove the relative open book corresponding to (aba)~2 from the entire open book
decomposition. Then the remaining part become a page of the spinal open book,
and the relative open book becomes an annular vertebra.

(iii) Repeat (ii) on the page of the spinal open book and we obtain multiple annular
vertebrae and page components. This new spinal open book supports the same
contact structure as the original open book.

See Figure 12 for an example. An open book decomposition with the word (aba)~*a*
supports a positive parabolic torus bundle (T (k), £&2). Now we remove two relative open
books corresponding to (aba)~? and replace them with annular vertebrae. The remaning
part becomes two annular pages with monodromies a* and id, respectively.
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Exercise 2.17. Find planar spinal open book decompositions for n-twisting elliptic torus
bundles.
(Hint: Find the words for the bundles from [VHMO07, Theorem 4.3.1].)

Exercise 2.18. Show that the 2nt-twisting 3-torus has the word (aba)™.
(Hint: Convert a spinal open book for the 3-torus from §2.4.1 into an honest open book.)

Exercise 2.19. Show that any rotational torus bundle with at least m-twisting admits a
planar spinal open book decomposition.

(Hint: Use Exercise 2.18 to show that these bundles admit a genus-1 open book containing the
word (aba)™2.)

3. NEARLY LEFSCHETZ FIBRATIONS

In this section we describe the topological structure on a symplectic 4-manifold with
boundary that induces a spinal open book on the boundary. Just as bordered Lefschetz
tibrations over the disk induce open book decompositions on the boundary, these nearly
Lefschetz fibrations induce spinal open book decompositions of the boundary. We de-
scribe the notion of a bordered Lefschetz fibration over a surface with boundary in § 3.1.
These give rise to “amenable” spinal open books on the boundary. Then, in § 3.2, we de-
scribe the “singularity-at-infinity” that arises when studying the foliations coming from
planar spinal open books, called exotic fibers. We give an explicit local model and study
the induced monodromy on an S'-bundle over a curve in the base enclosing such a these
singularity. Then in § 3.3, we describe nearly Lefschetz fibrations, and how to associate
Stein structures to them.

3.1. Bordered Lefschetz fibrations. A spinal open book decomposition naturally arises
as the boundary of a bordered Lefschetz fibration. In this section we recall the definition
of a bordered Lefschetz fibration by following the conventions of [LHMW18]. Let E be a
compact oriented connected 4-manifold with corners. We decompose the boundary of E
into two parts along the corners:

JE = dyE U d,E.

We further assume that the intersection of J;,E and J,E is a collection of 2-tori.

Unlike [LHMW18], since we will not be carrying out any analysis near the corners,
we will treat E as a smooth manifold, assuming we already rounded the corners. Let B
denote a compact oriented connected surface with connected boundary:.

Definition 3.1. A bordered Lefschetz fibration of E over B is a smooth map I1: E — B
with finitely many interior critical points Eit C E° and critical values Bt ¢ B° such that
(1) IT"Y(9B) = 9,E and I| 5, : d,E — 9B is a smooth fiber bundle.
(2) I|,g : IhE — B is a smooth fiber bundle.
(3) (I, Il|5,£) is a spinal open book decomposition of J E.
(4) For each p € E¥ and I(p) € B, there are local holomorphic coordinates on E
centered at p and on B centered at I'1(p) such that I'l(z1, z2) = z% + Z%.
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(5) For each z € B, the fiber E, := I17!(z) is connected and has nonempty boundary
in d,E.

The fibers I17(z) for z € B \ Bt are called regular fibers, and for z € B are called
singular fibers. The regular fibers are all homeomorphic smooth compact oriented sur-
faces with boundary. The singular fibers are smoothly immersed connected surfaces with
positive transverse self-intersections — topologically they are obtained by taking a regu-
lar fiber and pinching a curve on it down to a point; the curve that gets pinched is called
a vanishing cycle. A Lefschetz fibration IT is allowable if all the vanishing cycles are
homologically essential curves on a regular fiber.

It is well-known that allowable bordered Lefschetz fibrations admit a Stein structure.

Theorem 3.2 ((BVHMLW15, Theorem 3.9][LHMW18, Theorem B]). Let E be a 4-dimensional
allowable bordered Lefschetz fibration and 1t is an induced spinal open book of dE. Then, E ad-
mits a (well-defined up to Stein homotopy) Stein structure which is a Stein filling of the contact
manifold (JE, mt). Moreover, given two bordered Lefschetz fibrations E1 and E; that fill (JE, nt),
their Stein structures can be chosen to induce the same contact structure on the boundary.

3.2. Exotic fibers. In this section, we will recall the local model of a neighborhood of
an exotic fiber and explain how to see the local monodromy in terms of a boundary
interchange in Lemma 3.6. This should be reminiscent of the story Lefschetz singularities,
where we have holomorphic local models (z1, z2) — z% + z% and the local monodromy is a
right-handed Dehn twist around an homologically essential curve. See [GS99]. However,
it should be emphasized early on that, as opposed to the Lefschetz singular fibers, the
exotic fibers exhibit a “singularity-at-infinity” phenomenon, incorporating a mapping
class that interchanges boundary components.

The original definition of exotic fibers is a technical one: they are the main level of
buildings which appear in the compactification of certain moduli space of curves that
[LHMW20] analyzes. Since this lecture note focuses on the application of spinal open
books and symplectic fillings potentially containing exotic fibers, we will focus on the
topological description and refer the readers to [MRW25, §4] for a careful treatment of the
local model of the exotic fibers in terms of SFT moduli spaces and the proof of uniqueness
of the local model.

Definition 3.3 (Local model). Consider the sequence of curves

ue : C\{£1} — (C\{0}) X C,

defined by

1) te(z) = (c(z% = 1), Vez).

Consider the projection map

(2) Iy : (C\{0}) x C — C sending (z1, z2) — z% -1,

whose level sets are identified with the image of u..
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Remark 3.4. The moduli space of curves u.(z) in Equation (1) is parameterized by the
domain of ¢ € C \ {0}. The reparameterization by z’ := /cz allows us to compactify the
moduli space at ¢ = 0 with a limiting building as in Figure 6.

Remark 3.5. Definition 1 as well as the understanding of pseudoholomorphic foliations in
[LHMW?20] are both in the non-compact setting in the completion of the minimal strong
symplectic fillings. As is often useful to talk about symplectic fillings as a compact mani-
fold with contact boundary, the corresponding local model also needs to be compactified
to be technically correct. We define the compactified local model to be the restriction of
the above model to (C\ B) X C, which corresponds to cutting off the cylindrical ends at the
punctures. Here B is defined to be the closed e-disk about the origin in C. The restricted
foliation on (C \ B) x C is as follows. For u., im(u:) N (C \ B) x C = {u.(z)||z*> = 1| > ﬁ}
Thus, for |c| > €, im(u.) N (C \ B) X C is topologically a pair of pants, while for |c| < €
im(u.) N (C )\ B) x C is topologically an annulus, with the curves corresponding to [c| = €
having a singularity. So in the compactified local model, we get regular curves, corre-
sponding to im(u.) for ¢ > €, and a D2-worth of exotic curves, corresponding to im(u.)
for ¢ < €, which we call an exotic neighborhood.

We will see in Lemma 3.6 that this gives a model that interchanges the two punctures
as one goes around 0 € C as in Figure 5. Further, this local model of the exotic fiber also
allows us to show that the number of exotic points is equal to the number of the branch
points of I1|y in Theorem C. To describe the monodromy of the fibers in a compactified
filling around the exotic neighborhood, we will talk about boundary components of the
fibers in the compactified model, which correspond to punctures in the local model.

Lemma 3.6. Consider the fibers in the compactified local model. Outside the exotic neighborhood,
the fibers are pairs of pants. The monodromy of the bundle with pairs of pants fibers over St,
around the exotic fiber uy, is given by interchanging two boundary components counter-clockwise
along an arc and simultaneously rotating the boundary components by 1 clockwise.

Proof. In the model from Definition 3.3, consider the following disk neighborhood V' of
0 € C. Let 6 > 2¢ be large enough so that the 6-disk neighborhood V' C C contains the
image of the exotic neighborhood. We parameterize V so that IT7}(0) corresponds to the
exotic fiber. Let C := dV. Over each point x € (, T (x)isa pair of pants. We will char-
acterize the monodromy of this bundle with pair of pants fibers around C. Also consider
a chart U of the filling W around the exotic neighborhood, as above. By construction,
topologically IT7}(V) — U is a trivial © — P bundle over the disk V, where P is a pair of
pants. In other words, the monodromy is supported in P.

Now we parameterize = {5¢%™|t € [0, 1]} and understand the monodromy around
it. First, fix a trivialization on the fibers IT"!(5e%™*), such that the bundle over C is trivial
outside P. We can parameterize the fibers in IT71(C) N U as in Definition 3.3, i.e., the
trivialization is given by

3) z - (€2 (2% = 1), e™2)
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for z € TI71(5) N U. Projecting to the second coordinate, the trivialization we need to
consider is H; such that

H;:z > etz
We can parameterize P as {|z|? < 2} NTT"1(6) N U, so outside that we need to modify the
above trivialization so that the bundle over C is trivial. Consider the function f as shown
in Figure 3, and consider the trivialization

4) hy sz > ef(2Dmit 5

f(z)

1.5 2

FIGURE 3. The bump function needed to trivialize the monodromy for
large |z|.

FIGURE 4. Comparing the trivializations ho and /1 after making the bun-
dle trivial away from the pair of pants neighborhood.

Now, compare the trivializations /1 and hg. This is shown in Figure 4 for the compact-
ified model.

The above modification of the trivializations ensures that we have localized the mon-
odromy into the pair of pants neighborhood on a fiber. But we are not done yet, since to
understand the monodromy of the bundle, in the sense of (3) and (4) in Definition 2.1, we
further need to trivialize the bundle near the boundaries of the fibers, to agree with the
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model of 7tp near this component of dMp C IT71(C). Observe that the component of dMp
in this local model has multiplicity 2, again in the sense of Definition 2.1. Let us refer to
the component of dMp as T, and give it coordinates (¢, 0), where 0 is the S 1_coordinate
for the boundary component on a page. Locally 7tp has the form ntp|7(¢, ) = 2¢p. How-
ever, the trivializations in Equation 4 do not agree on T, for different fibers and their
intersections with T. To make them agree, a clockwise 2n-rotation of each of the bound-
ary components of P needs to happen. Using a bump function as before, which is 0 on the
boundary components and 1 just outside, the trivialization h; looks like as in Figure 5.
By an isotopy, we can see that the monodromy is exactly a positive half-twist and a half
clockwise twist of each of the boundary components, as described in Figure 5. m]

FIGURE 5. A local description of a boundary interchange 7,, where y is
the equatorial arc connecting the two boundary components in the inte-
rior.

In [MRW25], we show that this local model is unique up to symplectic deformation.
This involves understanding the asymptotic neighborhood of finite-energy pseudoholo-
morphic curves asymptotic to a doubly-covered elliptic orbit. Theorem A is then a direct
result of this local model, together with the curve classification in [LHMW?20, Proposition
1.30] in terms of regular, singular, and exotic fibers. In addition, the local model gives us
the following.

Theorem C. Let (W, w) be a minimal strong filling of a contact manifold (M, &) supported by a
planar spinal open book. Then, the number of exotic fibers is equal to the number of branch points
of Il|s,, where I1 is the same Lefschetz fibration as in Theorem A. Furthermore, the monodromy
around an exotic fiber in a compactified filling is a boundary interchange on the nearby reqular
fibers, given by Figure 5.

This implies that (W, w) has the structure of a nearly Lefschetz fibration, whose defi-
nition we will see now in the following subsection.
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FIGURE 6. A local description of the SFT limit from regular fibers to an
exotic fiber.

3.3. PANLF and Stein structures. For a symplectic filling of an honest planar open book
decomposition with suitable conditions, a pseudoholomorphic foliation gives a Lefschetz
fibration [Wen10]. However, symplectic fillings of a general spinal open book admit a
generalized version of a Lefschetz fibration, which we call a nearly Lefschetz fibration.
In particular, it gives rise to a uniform spinal open book on its boundary, which is non-
Lefschetz-amenable in general.

Definition 3.7. A nearly Lefschetz fibration of E over B is a smooth map I1: E — B with
finitely many interior critical points E* C E° and critical values Bt C B°, and finitely
many exotic points B°' C B° such that:

(1) II7Y(@B) = 9,E and |, : d,E — 9B is a smooth fiber bundle.

(2) For each p € E<it and T1(p) € B, there are local holomorphic coordinates on E
centered at p and on B centered at I'1(p) such that I'l(z1, z2) = zf + Z%.

(3) All fibers E, := IT"!(z) for z € B are connected and have nonempty boundary in
JLE.

(4) For each ¢ € B®°t, there are local holomorphic coordinates ¢: U. — C, where
U, c B° sending ¢ to 0 and ¢: V. — (C — D) X C, where V. ¢ N(dy(E)) N
IT-}(U,) and D is a small neighborhood of 0 € C, such that the following diagram
commutes

v, -5 (c-D)xC

In In

uc$c

where I1.(z1,27) = z% - 71.
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(5) The boundary JE = M admits a spinal open book decomposition, such that J,E =
Mp, d,E = My, ntp = Il|,g, and (unions of?) fibers of my, are the fibers of |5,k
away from the V. corresponding to ¢ € B®*°t.

In the case of a nearly Lefschetz fibration, we have regular and singular fibers as in
the case of a bordered Lefschetz fibration. The difference lies in the exotic points. We
understood the local model of exotic points in the previous subsection. To reiterate, let
c € B™tand z € U. c B°, we have that IT"!(z) has the topology of a regular fiber near
the boundary of U, but has one fewer boundary component in a neighborhood of the
origin in U.. We call all the fibers that have one fewer boundary component the exotic
fibers® as explained in Remark 3.5. However, for notational convenience, when we refer
to an exotic fiber, we always think of the “genuinely exotic” one at 0 € C.

A nearly Lefschetz fibration IT is allowable if all vanishing cycles are homologically
essential curves on a regular fiber. In analogy with positive allowable Lefschetz fibrations
that are studied in the literature and denoted PALFs, we will also refer to these structures
as positive allowable nearly Lefschetz fibrations and abbreviate them to PANLFs.

Remark 3.8. Under the biholomorphism (z1,z2) + (z% - z1,22) from C? \ {(z%,2)} to
C\ {0} x C, one can identify the neighborhood of an exotic fiber in the above, with the
complement of a branch point of a multisection in a Lefschetz fibration as described in
[BH16a, §3].

We now sketch the proof of Theorem 1.10 endowing a PANLF a Stein structure. The
tull proof can be found in [BRW].

For a bordered Lefschetz fibration, a Weinstein structure can be described by writing
down Weinstein models near the regular fibers and the singular fibers, and then patching
them up. We write down the details for a manifold W supported by a nearly Lefschetz
fibration I'T : W — X, with a generic fiber S. Both S and X are compact oriented surfaces
with boundary of genera gs and gr. Let Exot(IT) C X denote the images of the (isolated)
exotic fibers and let Crit(IT) c X denote the set of (isolated) critical values, which are
assumed to be disjoint from Exot(IT).

As a preparation step, let’s first examine a Weinstein model near exotic fibers, since
those near the regular and singular fibers have been done previously, e.g. see [Ozb15].
Given ¢ € Mexot C X, and a sufficiently small neighbourhood ¢ € U, C X, the preimage
I1-1(U,) contains an open subset V;, = Aj X D? with complex coordinates (z1, z2) so that
I'T looks like Z% + 21 on V.2, with 0 corresponding to c. Here A := {6 < |z| < 1} denotes

ZRecall that by the definition of spinal open books, the fibers of the map 7y, has to be connected. There-
fore, here the disjoint union of the fibers of 7y corresponds to (possibly disconnected) fibers of I, .

3In [LHMW20], the authors discuss exotic fibers in the context of completed fillings, and a finite number
of exotic fibers are present in the completed filling. However, since we are looking at compact fillings, cutting
off a cylindrical end, we obtain a disk worth of exotic fibers for every single exotic fiber in the completed
filling.

“In Definition 3.3, the local model is given by z% —z1. We pick the biholomorphic local model z% + z1 here
simply so that the vector field Re(z;) points to the right.
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FIGURE 7. Open annulus and the gradient vector field of fa.

an open annulus around 0 in C as shown in Figure 7. Let f4 be a function on the annulus
whose gradient vector field is shown as in Figure 7. In particular, f4 = Re(z;) for z; € As
with norm close to 1. On Az X D?, consider the function fexot == fa + x% - y%.

We can ensure that fexot, along with the standard complex structure on A x D2 induced
from C x C, induces a Weinstein structure on As X D?, compatible with the standard
symplectic structure, with the Liouville vector field given by V fexot.

Now, we are ready to describe a particular Weinstein structure on W as follows (see
Figure 8):

regular fiber singular fiber exotic fiber

FIGURE 8. Constructing a Stein structure on a PANLF using local models
around critical and exotic points.
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Consider a Weinstein structure on S given by a function fs with a single index 0
critical point and 2g; index 1 critical points, and a Weinstein structure on X given
by a function fr with a single index O critical point and 2gy index 1 critical points.
Pick a finite open cover with open disks U = U, U, of X such that for every critical
value g € Crit(ITI), there is a unique open set U, containing g. Also, we assume
that for any image p € Exot(Il) of an exotic fiber, there is a unique open set U,
containing p. We ensure that U, ¢criyrmuexotamUx =: U1 U Ua is connected, and Uy
is homeomorphic to Z.

Regular fibers. Note that IT"!(24) is diffeomorphic to £xS. Consider the function
fo = fs + fx to obtain a Weinstein structure on this. Since U is away from the
critical points and exotic points, we can ensure that fy is arbitrarily close to the
real part of I'T in some choice of coordinates over the rest ¥; C X. and positively
transverse to the boundary of W. We can ensure these choices of coordinates agree
with the choices made for the local models near critical and exotic fibers.
Singular fibers. Recall that near any critical point c of I'l, there are complex local
coordinates (z1, z2) on a neighbourhood V., ¢ W such that I|y, : V, — X looks
like z% + z3. Consider the function f;, = x% + x5 — y% — y3 in these coordinates,
where z; = x; + iy;. Given any critical value g of II, a critical point c such that
I1(c) = g, and an open set U, containing g, describe IT"(U,) = V. U V/ where
V/ is also open and avoids c. We can choose U, so that U, < TI(V;), which in
particular ensures that V{ is a trivial (S — A)-bundle over the disk U,;, where A
is an annulus neighbourhood of the vanishing cycle corresponding to the critical
value g. Since f; = Re(Il) and g is in the interior, we can argue it matches up with
fo directly on V/! NIT1(U,). We thus extend fo to a Weinstein structure on 1Y (1)
to T (U U U gecrirany Ug)-

Exotic fibers. Now, near any p € Exot(IT), we can again find an open set U, and
observe that IT™'(U,,) = V; UV}, where d C V; is a neighbourhood meeting the
boundary where IT takes the form I1|y, : C = B — C, I1(z1,22) = z% + z1, with
Va4 = (C - B) x C, such that B is a ball around the origin. Similarly as above, Vé
is a trivial S — P bundle over the disk, where P is a pair of pants. On V, define
the function f, = fa + x% - yg and observe that on V; N IT7' (), the function fr
agrees with Re(IT). Thus we can extend f; over IT"!(U,), and thus the Weinstein
structure is defined on IT-}(Z4; U Uzecrit(muesot(n) Uz)-

Once the above steps are done for every critical and exotic point, the Weinstein
structure can be extended with no critical points over the trivial cobordism de-
scribed by IT71(74).

It will be shown in [BRW] that the Weinstein structure above induces a contact
form on the boundary which is a Giroux form for the spinal open book induced
on the boundary from the PANLE.
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FIGURE 9. The attaching curve for the Weinstein 2-handle cobordism cor-
responding to an exotic fiber, living in the neighbourhood of a page of the
spinal open book.

Exercise 3.9. Show that the boundary interchange mapping class corresponds to a We-
instein cobordism between the relevant contact manifolds, by attaching a Weinstein 2-
handle along a Legendrian realization of the knot shown in Figure 9, that lives in a
neighbourhood of the pages of the spinal open book. Hint: Use the local model near the
exotic fibers and the definition of the Weinstein function to identify the attaching sphere and the
belt-sphere of the handle (up to an isotopy) in neighborhoods of the fibers of I, and conclude that
the surgery is smoothly a 0-surgery with respect to the framing given by the pages. We give a
detailed answer in [BRW].

The above formulation allows us to write down an explicit Morse function support-
ing a compatible Weinstein structure on a PANLE. In [BRW] it will be shown that any
compatible Weinstein structure on the 4-manifold, i.e., for which the fibers are almost
complex, is homotopic to this one.

4. EXAMPLES OF FILLING CLASSIFICATIONS

In this section, we review several known examples and reinterpret them using the
language of spinal open books and nearly Lefschetz fibrations to classify their symplec-
tic fillings. Our primary classification tool is Theorem B. In what follows, we outline
the strategy for classifying fillings of (M, &) supported by a uniform planar spinal open
book (mty, mp), where the page, monodromy, and vertebra are denoted by (P, ¢, X =
Yy U---UX,). Note that since we deal with uniform spinal open books, all pages should
be diffeomorphic, but the monodromies could be different. Let m be the number of con-
nected components of the paper Mp and ¢ = (¢1, ..., ¢m). Here, as explained in §2.3, we
assume that we already identify all pages with a single “model surface” P. The strategy
goes as follows:
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First, list all possible bases B € B such that (s, 7tp) is uniform with respect to B. To
find such B, we need to use Definition 2.1 that the number of boundary components
of B is the same as the number of connected components of paper Mp, namely m,
and each vertebra is (possibly branched) covering of B. These conditions restrict the
possible topology of B due to the Riemann-Hurwitz formula:

X(Ti) =n- x(B)+ Y (ey - 1),
peEL
where 7 is the degree of the covering map, ¢, is the ramification index at p.
For each B € B, find all positive admissible factorizations of ¢ with respect to
a monodromy representation p: 111(B) — Mod(P¢) as follows (where P° is ob-
tained from P by capping off all boundary components corresponding to non-trivial
spines):

Suppose each branched covering map m; : £; — B has n; branch points. Let
ng = ni + ---n, be the total number of branch points. This will be the number of
exotic fibers in the PANLF induced from the spinal open book and a monodromy
factorization.

Since the spinal open book is uniform, for each boundary component d; of B,
there exists a corresponding paper component with monodromy ¢; that intersects
the boundary component ni_l(&j) of L foreveryi=1,...,r.

Now foreachj =1,...,m, factorize ¢; 0 p(d;)~! into a product containing bound-

ary interchanges, and positive Dehn twists about homologically essential curves on
the page. In fact, each branched cover n;: ; — B determines the boundary inter-
change maps in a factorization. The total number of boundary interchanges across
$10 p(d)7, ..., dm o p(dm)~! should be np. Repeat this process for all possible
monodromy representations p.
As a consequence, we obtain a list of symplectic fillings of (M, &), each described as
a PANLF over a base B with np exotic fibers, as B ranges over 8. Distinct PANLFs
may potentially support equivalent symplectic structures, requiring us to account
for double-counting. See Theorem 4.4 for an example where different monodromy
representations induce equivalent symplectic fillings. However, we still lack an ex-
ample in which two different bases induce equivalent symplectic fillings.

Note that the symplectic filling corresponding to a factorization above is a PANLF
over B with fiber P having np exotic fibers and sigular fibers along the curves associ-
ated to Dehn twists. Each connected component of paper Mp, a P-bundle over S! with
monodromy ¢, corresponds to a subbundle of this PANLF restricted to the boundary
component d; of B.

In general, the classification problem using the machinery of spinal open books con-
sists of two main parts. First, we seek a planar spinal open book decomposition sup-
porting the contact structure under consideration. Second, we study the monodromy
factorization problem in the framed mapping class group. The following examples pro-
vide a glimpse of how these procedures are carried out in practice. In many cases, the
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procedure is much simpler, as the base is a disk (so p is trivial), or P has only one com-
ponent.

4.1. The Stein fillable contact structure on the 3-torus. The first example is the Stein
fillable contact structure on T3, which is arguably the original motivation for spinal open
book decompositions. Then, we consider the examples of other torus bundles and finally
give some outlook on contact 3-manifolds supported by more general higher genus open
book decompositions.

Recall from §2.4.1 that there exists a unique Stein fillable contact structure & on T°.
The classification of symplectic fillings for (T3, &) is due to Wendl [Wen10].

Theorem 4.1 ((Wen10]). There exists a unique minimal symplectic filling of (T3, &) which is
given by D? x T? equipped with the product symplectic form.

Here, we provide an alternate proof of Theorem 4.1 using spinal open book decompo-
sitions, following the strategy outlined above.

(i) In §2.4.1, we construct a spinal open book 7 = (my, 7tp) supporting (T2, &) that
consists of an annulus page P and two paper components with monodromies ¢ =
¢ = id, and two annular vertebrae X1, X,. We first need to list all possible bases
B € 8B such that the spinal open book is uniform with respect to B. Recall from
Definition 2.1 that the number of connected components of dB is the same as the
number of connected components of the paper Mp. Since our Mp has two connected
components, we know that B must have two boundary components. According to
Definition 2.1 again, there exists a (possibly branched) covering map n;: Z; — B
for i = 1,2. Since both X; and X, are annuli, B must also be an annulus. Note
that the covering maps do not have a branch point since both B and X are annuli.
Therefore, we have 8 = {A} where A = S! x . In general, 8 can contain more than
one element, and we will see such an example in Theorem 4.10.

(i) Now, we need to find all possible positive admissible factorizations of ¢; and ¢,
with respect to (B, p), where p: 711(B) — Mod(P) is a monodromy representation.
Since P is an annulus, we have Mody(P) = (T.), where c is the core of P. Let d; and
d, be the boundary components of B corresponding to the paper components with
¢1 and ¢y, respectively. Since d, is homotopic to —d;, we have

p(d2) = p(=d1) = p(dh)™"
Now, let p(d1) = TCk for some k € Z. Then p(dz) = Tc‘k.

Exercise 4.2. Show that p(d1) cannot contain a boundary interchange map.
(Hint: Proposition 4.5 may be helpful.)

Now we factorize monodromies ¢ o p(d1)™" = T % and ¢, o p(d2)~! = TF into a
product of positive Dehn twists along homologically essential curves on P. There
is no boundary interchange since 71 and 7, do not have a branch point. However,
this is impossible unless k = 0 since otherwise, either k or —k would be negative.
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Therefore, k = 0 and the monordomy factorizations of ¢ o ,0(81)‘1 and ¢y o ‘0(82)‘1
are both id.

(iii) ¢ = (¢1,¢P2) admits a unique positive admissible monoromy factorization, and
hence (T3, &) admits a unique minimal symplectic filling that admits a bordered
Lefschetz fibration over an annular base with an annular fiber without singular and
exotic fibers. Therefore, it is diffeomorphic to A X A and we have

AxA=(S'xI)x(S'xI)
= (IxI)x(S'xSh
= D?*xT?

Exercise 4.3. Show that the product symplectic structure of D? X T? is deformation equiv-
alent to the product symplectic structure of A X A.

4.2. Symplectic fillings of torus bundles. The next examples are parabolic torus bun-
dles over S!. Recall from §2.4.3 that a torus bundle Ty is parabolic if |tr(A)| = 2, and it is

1
positive if A is conjugate to Ay = ( 0 ]I) for some k € Z and negative if A is conjugate to

—Ay; there are denoted by T. (k). Our main interest here is in rotational contact structures
on these bundles, which were studied in [DG01, VHMO07, DL18, LHMW20, MRW25]. We
again follow the strategy outlined at the beginning of this section to classify the symplec-
tic fillings of these contact structures.

Theorem 4.4 (Wendl-Lisi-Van Horn-Morris [LHMW20], Min—-Roy-Wang [MRW?25]). Sup-
pose k € Z. Then the following statements hold.
(1) (Ti(k), &2) is strongly fillable if and only if k > 0, and for k > O, it admits a unique Stein
filling up to symplectic deformation equivalence.
(2) (I-(n), &1) is strongly fillable if and only if k > —4, and for k > —4, it admits a unique
Stein filling up to symplectic deformation equivalence.
(3) all other rotational contact structures, (T\.(n), Eok) for k > 1and (T-(n), &2j41) for j > 1,
do not admit a strong filling.

The first part of Theorem 4.4 demonstrates that two different monodromy represen-
tations, p1 and p2, can produce equivalent symplectic structures, and the second part
provides an example that a factorization of monodromy contains boundary interchange
maps. To prove the theorem, we need the following proposition, which provides a fac-
torization of two boundary interchange maps as a product of Dehn twists.

Proposition 4.5. Consider a pair of pants with two arcs a and p joining inner boundary com-
ponents as shown in the left drawing of Figure 11. Then make additional boundary component in
the middle of the disk as shown in the left drawing of Figure 10. Then

e For a disk with 3 punctures, tgo 74 = Tj, T,;BT();ZTC‘z, where c is a curve enclosing do and

d3. See the right drawing of Figure 10.
e For a pair of pants, 15 © 1o = Ty, T} *T, 2. See the right drawing of Figure 11.



ON NEARLY LEFSCHETZ FIBRATIONS AND SPINAL OPEN BOOKS 25

0 0)©O

FIGURE 10. Left: Two consecutive boundary interchanges 7437, of the in-
ner boundary components along two non-intersecting arcs a and . Right:
A monodromy factorization of TgTa-

FIGURE 11. Left: Two consecutive boundary interchanges 7437, of the in-
ner boundary components along two non-intersecting arcs a and . Right:
A monodromy factorization of 747,.

Exercise 4.6. Prove Proposition 4.5.

Proof of Theorem 4.4. The third part of the theorem is immediate from the fact that the
contact structures under consideration contain Giroux torsion. We now consider the first
part.

(i) We begin by finding a planar spinal open book decomposition supporting (T, (k), &2).
According to Van Horn-Morris [VHMO07, Proof of Theorem 4.3.1], the word for
(T:(k), &) is (aba)~*a*. Consequently, we obtain a spinal open book with two annu-
lar vertebrae, each corresponding to a relative open book with word (aba)~2, one an-
nular page with identity monodromy, and another annular page with monodromy
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FIGURE 12. Left: An open book decomposition supporting (T, (k), &2).
Each gray region represents a relative open book with the word (aba)~2.
Right: A spinal open book decomposition supporting (T:(k), &2). The gray
annuli are vertebrae corresponding to the word (aba)~2.

TF, where c is the core of the annulus (see Figure 12). Thus, we have pages com-
ponents, both of which are annuli. Here we again denote them by P as a ‘model
page’ that identifies two page components. See §2.3 for more details. Also we have
monodromy ¢ = (¢1, ¢2), where ¢ = Tck and ¢, = id, and vertebrae X = 1 LI X,
both of which are annuli.

We then list all possible bases B € 8 such that the spinal open book is uniform
with respect to B. Recall from Definition 2.1 that the number of connected com-
ponents of dB is the same as the number of connected components of the paper
Mp. Since our Mp has two connected components, we know that B must have two
boundary components. According to Definition 2.1 again, there exists a (possibly
branched) covering map m;: X; — B for i = 1,2. Since both £; and X are annuli, B
must also be an annulus. Note that the covering maps do not have a branch point
since both B and X are annuli. Therefore, we have B = {A} where A = S x I.

(i) Now, we need to find all possible positive admissible factorizations of ¢1 and ¢,

with respect to (B, p), where p: m1(B) — Mod(P) is a monodromy representation.
Since P is an annulus, we have Mod,(P) = (T;). Let d; and 0, be the boundary com-
ponents of B corresponding to the paper components with ¢1 and ¢, respectively.
Since d, is homotopic to —d;, we have

p(d2) = p(=01) = p(d1) ™"

Now, let p(d1) = T! for some i € Z. Then p(d,) = T.'. We factorize monodromies
P10p(d1)" = TFand ¢pp0p(d2)~! = T! into a product of positive Dehn twists along
homologically essential curves on P. There is no boundary interchange since 71 and
112 do not have a branch point. Now if k < 0, this is impossible since either k — i
or i would be negative. Therefore, k > 0 and k = 0 is already dealt in Theorem 4.1.
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Finally, if k > 0, then both k — i and i are positive as long as 0 < i < k. Therefore,
there are k+1 possible monomromy representations py, . . ., px such that p;(d;) = T
Then, for each i =0, ..., k, we have unique positive admissible factorization

$10pi(@1) 7 =TF and ¢o0pi(d)t =T

(iif) From the factorizations above, we obtain k + 1 symplectic fillings from PANLF over
B without exotic fibers and k = (k — i) + i singular fibers. That is, since B is an
annulus, they can be obtained from an honest symplectic fiber bundle over A with
fiber A and monodromy representation p; for i = 0,...,k, and then attaching k
Weinstein 2-handles along the curves associated with the Dehn twists.

Fianlly, we need to check for duplications. To do so, we first note that any two
oriented A-bundles over A are isomorphic to each other, related by a change of
trivialization. To see this, consider an A-bundle over A with po, which is a trivial
bundle A X A. Then the following diffeomorphism induces a bundle isomorphism
between two bundles with monodromy representations pg and p;:

Fi:AXA—AXA, Fi(0,r,¢,s)=(0,r,¢—1i0s,s)

Thatis, after changing trivializations, all bordered Lefschetz fibrations become equiv-
alent and they induce a spinal open book on their boundary with two annular
pages, one with monodromy T and the other with the identity monodromy. Thus
(T:(k), &2) admits a unique minimal symplectic filling if and only if k > 0.

Next, we consider the second part. Again, we begin by finding a spinal open book
decompostion supporting (T-(k), &1).

(i) According to Van Horn-Morris [VHMO07, Theorem 4.3.1], a word for (T_(k), &1) is
(aba)~2a*. Therefore, we can convert it into a spinal open book decomposition with
one annular vertebra T and one annular page P with monodromy ¢ = T* where ¢
is the core of the annular page.

We then list all possible bases B € B such that the spinal open book is uni-
form with respect to B. Since our paper Mp has a single connected component,
we know that B must have one boundary component. Then the existence of a (pos-
sibly branched) covering map n: ¥ — B for i = 1,2 restricts B to be a disk. Note
that the covering maps has two branch points. Therefore, we have 8 = {D?}.

(i) Now, we need to find all possible positive admissible factorizations of ¢, with re-
spect to (B, p), where p: 111(B) — Mod(P¢) is a monodromy representation and P°¢
is the sphere obtained by capping off the boundary components of P (recall that we
need to cap off the boundary components corresponding to non-trivial vertebrae).
Since B is a disk, p must be trivial so we only need to factorize ¢ = TX. Since there
are two branch points, a factorization should contain two boundary interchange
maps. According to Propositon 4.5, two consecutive boundary interchanges can be
factorized into Dehn twists about the boundary components, i.e., 7574 = Tj, T()_ZZTl;3 2
as shown in Figure 11. Once we cap off the outer boundary component d;, we
obtain two consecutive boundary interchanges of an annulus, and its factorization
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becomes 147, = Ta_ 4 as d, and d; become homotopic to the core ¢ of the annnulus.
In our setting, however, two arcs a and  may not be homotopic rel boundary, but

we still have a Hurwitz equivalent factorization.

Exercise 4.7. Let a and B be two arcs joining two boundary components of an an-
nulus that are not homotopic rel boundary. Show that 7, and 75 are related by a
framing conjugation (see Deifiniton 2.13).

Hence we have the following factorization of ¢:
(P — Tck — Tck+4 °Tg0 Ty
(iii) Therefore, ¢» admits a unique positive admissible factorization if and only if k > —4,
and this proves the second part of the Theorem.

O

Combined with the results regarding additional tight contact structures on parabolic
torus bundles in [LHMW?20, Chr21], Theorem 4.4 completes the classification of symplec-
tic fillings of every contact structure on all parabolic torus bundles.

O Q) (O o)) (O O

(]51 (PZ ¢3
FIGURE 13. The monodromies of the spinal open books supporting the
ni-twisting rotational elliptic torus bundles. The green boundary compo-
nents meet the annulus vertebra.

Next, we consider the elliptic torus bundles with m-twisting rotational contact struc-
tures.

Theorem 4.8 (Min-Roy-Wang [MRW25]). Any rotational contact structure on an elliptic torus
bundle with n-twisting admits a unique Stein filling up to symplectic deformation equivalence.

Exercise 4.9. Prove Theorem 4.8.
(Hint: Use Exercise 2.17. See also Figure 13 and Figure 14 for corresponding spinal open books.)

4.3. Further examples. Here, we present Stein fillings of some contact 3-manifold sup-
ported by a planar spinal open book decomposition that can be uniform with respect to
different bases.
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FIGURE 14. Positive admissible monodromy factorizations for n-twisting
elliptic torus bundles, with boundary interchanges along the dotted arcs.

This contact 3-manifold is obtained by taking the boundary of the quotient of a product
symplectic manifold. We first recall that X , is a genus ¢ surface with n boundary com-
ponents. Let {1 and 12 be involutions of ¥ » arising as the deck transformations of the
double branched covers ¢1 : Xpp — L1 and ¢; : Lop — Yoo, where ¢ is unbranched
and ¢, has four simple branch points. Also let ¢ be an involution o(s,t) = (—s, —t) of
Yop2 = [-1,1] x S'. Then for i = 1,2, the following Weinstein domains

) Ei = (Z22 X Zo2)/(z,w0) ~ (i(2), 0(w))

induce the same boundary contact 3-manifold (M, &), and it is supported by a spinal open
book with two annular pages such that each page has a boundary interchange map as the
monodromy, and a single vertebra X >. Thus we can denote the page monodromies by
¢ = (¢1, ¢2) = (14, 7p), Where a is an arc joining two boundary components of the first
page, and f3 is an arc joining two boundary components of the second page.

Although it is challenging to classify all symplectic fillings of (M, &) since lisitng all
possible monodromy representations is difficult, we claim that (M, £) admits two types
of fillings: the first is a bordered Lefschetz fibration (including E;), and the second is E>.

Theorem 4.10 (Wendl-Lisi-Van Horn-Morris [LHMW20], Min-Roy-Wang [MRW25]). Con-
sider the contact 3-manifold (M, &) above. The Stein fillings of this manifold are either bordered
Lefschetz fibrations over X1 o with Lo »-fiber without singular fibers, or a PANLF over L, with
Yo 2-fiber, and four singular fibers.

Proof. We again follow the strategy outlined at the beginning of the section. Since pages
have one boundary component with muliplicity 2, there exists a (possibly branched) 2-
fold cover my: Xp» — B that induces a 2-fold honest cover on the boundaries. According
to the Riemann-Hurwitz formula, B should be either Z; ; or Zg 5.

In the case where B = L, there are no branch points due to the Riemann-Hurwitz
formula. Thus there are no exotic fibers, and hence all symplectic fillings are bordered
Lefschetz fibrations over X1 ». These can be constructed from a X >-bundle over X1 » with
monodromy representation p: X1, — Xop, followed by attaching Weinstein 2-handles
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along the curves associated with singular fibers that arise from a positive admissible
factorization of the page monodromies. We obtain a family of such fillings by varying
the monodromy representation.

In the case where B = X, there are four branch points due to the Riemann-Hurwitz
formula. Thus all symplectic fillings contain 4 exotic fibers in their completions, and
hence are PANLF over an annular base. These can be constructed from a X o-bundle
over Yo, with monodromy representation p: oo — Xoo (Which is always trivial), fol-
lowed by removing a positive multisection, that creates two boundary components on
the pages (hence they become X ), and attaching Weinstein 2-handles along curves as-
sociated with singular fibers that come from a positive admissible factorization of the
page monodromies. Since there are four branch points, there should be four boundary
interchange maps in the page monodromies. Thus the monodromy of one page com-
ponent of the induced spinal open book should involve a boundary interchange, while
the monodromy of the other component should involve three boundary interchanges.
Since we have ¢ = 1, and ¢ = 14, and according to Proposition 4.5, we factorize ¢> as
follows:

P2 =T5=1p80 (Tl% o TC4) = T; o TC4,
where c is the core of the annular page.

Exercise 4.11. Prove that the fatorization above is the unique positive admissible factor-
ization of ¢ up to a permutation of the pages.

Since there exists a unique trivial monodromy representation and a unique positive
admissible factorization of the page monodromy, there exists a unique minimal symplec-
tic filling. This filling is PANLF with four exotic fibers and four singular fibers that have
c as their vanishing cycles.

Exercise 4.12. Prove that E; is deformation equivalent to the symplectic filling we con-
struct.

5. FUTURE QUESTIONS

In this section, we outline possible future directions of research, and some examples
that will be interesting to work out in detail.

5.1. Classifying fillings of higher genus open books. First, we provide a motivating
family of examples of open book with higher genus pages. These examples illustrate
both the usefulness and complexity of using spinal open books to classify symplectic
fillings of contact 3-manifolds supported by higher genus open books.

Specifically, the following family of open books shows how certain open books with
arbitrarily high genus can be converted into planar uniform spinal open books, which
makes understanding their fillings a more tractable problem. However these examples
also highlight the computational difficulty of the classification problem in this setting.
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FIGURE 15. A high genus open book decomposition which can be turned
into a planar spinal open book.

Example 5.1. Consider the family of open books shown in Figure 15. For every genus
g > 2, this represents a Stein fillable contact 3-manifold that admits at least one Stein
tilling which is a Lefschetz fibration over the disk with genus g fibers, and is at the same
time a nearly Lefschetz fibration over the disk with planar fibers. The Stein filling is
originally given by [DL18]. In fact, the proof of Proposition 3.2 in [DL18] shows that
this open book monodromy admits a positive factorization, which corresponds to a Stein
filling that admits a Lefschetz fibration with genus g fibers. On the other hand, we can
replace the ‘handle’ parts — relative open books corresponding to (aba)~? — with annular
vertebrae by Proposition 2.16, and obtain a planar uniform spinal open book supporting
the same contact manifold. Theorem B then shows that all Stein fillings must have the
structure of a PANLF over a disk with planar fibers.

Exercise 5.2. Use Theorem B to show that the contact 3-manifold in Example 5.1, for g = 2,
has at least two minimal symplectic fillings: one with six singular fibers, and one with
seven singular fibers.

As the solution to the above exercise suggests (the reader can refer [MRW25] for the
answer), the filling classification problem deals with complicated configurations of arcs
along which boundary interchanges can happen. A resolution to the following question
will thus provide handy computational tools in using the technology of planar spinal
open books.

Question 5.3. What is the full classification of minimal symplectic fillings of the contact 3-
manifolds in Example 5.17?

5.2. Giroux correspondence for spinal open books. It is shown in [LHMW18, Theorem
1.7] that the space of Giroux forms supporting a spinal open book is contractible. How-
ever, since vertebrae can have complicated topology, it is likely that the notion of stabi-
lization of open books needs to be generalized, for example, including stabilizations on
vertebrae.

Question 5.4. What is the correct definition of stabilization of a spinal open book for which the
Giroux correspondence holds?
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In addition, we need to generalize the notion of right- and left-veering [HKMO07] to the
spinal setting.

Question 5.5. Is there a notion of right- and left-veering, which characterizes overtwistedness
for spinal open book decompositions?

We can also ask whether additional symplectic invariants arise that help distinguish
fillings beyond topological obstructions, such as the number of vanishing cycles.

Question 5.6. Are there diffeomorphic but not symplectic deformation equivalent fillings for a
fixed contact 3-manifold?

5.3. Support genus problem. The first obstruction to the planarity of an open book is
given by Theorem 1.8, using McDuff’s characterization of ruled surfaces [McD90].

By Theorems 1.5, A and 1.10, if a contact 3-manifold admits a strong but not Stein
filling, then it is not supported by a planar (uniform spinal) open book. This is because
for planar (uniform spinal) open books, all of its minimal strong fillings are deformation
equivalent to positive allowable (nearly) Lefschetz fibrations, which are supported by
Stein structures.

Generalizing this, Wendl gives an obstruction to planar uniform spinal open books in
ECH.

Theorem 5.7. [Wen13, Theorem 6] If (M, &) is supported by a planar uniform spinal open
book, then the ECH contact invariant is at the bottom of a U-tower.

In light of this, we naturally ask whether a similar obstruction exists in the Heegaard
Floer setting.

Question 5.8. Is there a Heegaard Floer obstruction to a contact three-manifold being supported
by a planar spinal open book?

One way to compute the Heegaard Floer contact invariant is by converting a support-
ing open book (£, ¢) into a Heegaard diagram. This leads to the following question.

Question 5.9. Is there a natural way to convert to spinal open books to Heegaard diagrams?

Recall that there is a description for the relative open book for a spine component with
annulus vertebra (see Proposition 2.16). One approach to answering Question 5.9 is to
find relative open books for spine components with vertebrae of different topology.

Note that for spinal open books arising as the boundary of PANLFs, there is an al-
gorithm to convert the spinal open book to a regular open book. This is in theory as a
result of Theorem 1.10. In more words, since Exercise 3.9 shows how to produce a Kirby-
Weinstein diagram for the manifold, we can convert that into an open book following the
algorithm in [Avd13]. However this may not be the most efficient. It is certainly worth
asking if there is a direct way to produce regular open books of “least complexity” out of
spinal open books.

Question 5.10. What is an efficient way to produce regular open books out of spinal open books?
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One can hope these tools will prove beneficial in answering the following long-standing
open question about the support genus of open books. While we know that there are ob-
structions to contact manifolds being supported by planar open books, we know very
little beyond.

Question 5.11 (Support genus problem). Is there a contact 3-manifold with support genus
two, i.e., there is no genus one open book supporting it?

5.4. Connections to 4-manifold topology and near symplectic structures. Lefschetz fi-
brations and pencils provide a powerful characterization of symplectic 4-manifolds. Re-
laxing the geometric condition, Etnyre and Fuller [EF06] showed that an “achiral Lef-
schetz fibration” on a 4-manifold can be endowed with a near-symplectic structure, i.e.,
a symplectic structure on the complement of a collection of embedded S'’s. They also
showed that any smooth, closed, oriented 4-manifold admits an achiral Lefschetz fibra-
tion after surgery on a framed circle. Simply put, achiral Lefschetz fibrations allow topo-
logical vanishing cycles where the associated monodromy is a left-handed Dehn twist.

One can wonder whether similar notions exist for nearly Lefschetz fibrations, and if
they can provide tools for understanding near-symplectic structures. A natural thought
is to introduce the clockwise or negative boundary interchange mapping class, to allow
for “topological exotic fibers”.

Question 5.12. What is the correct notion of an achiral nearly Lefschetz fibration? Does ev-
ery smooth, closed, oriented 4-manifold admit one? Are they compatible with near symplectic
structures?
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